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Bose-Einstein Correlations in e+e Annihilation
and e+e-  ^  W+W-  1
W. J. Metzger
Radboud University, Nijmegen, Netherlands 
Abstract. Results on Bose-Einstein correlations in e+e-  —> hadrons are reviewed.
INTRODUCTION
B ose-E instein correlations (BEC) are those correlations w hich arise as a consequence o f 
B ose symmetry, w hich leads to  an enhancem ent o f  the production o f  identical particles 
close together in phase space. In this talk  I will review  some o f  the results on BEC from  
e+ e-  interactions.
To study correlations am ong q particles, w e begin w ith the inclusive q-particle density,
, \ 1 d% (  p 1,~ ;  pq)p q( p i , . . . , p q) =  ----------f (1)
°tot d p 1---d p q
w here o q is the inclusive q-particle cross section. These densities are norm alized such 
that
J p  1(p ) dp  =  <n > (2)
J P 2 (p i , p i)  dp i dp2 =  <n ( n -  1)> (3)
ƒ  p 2 (p i, p i ,  p i )  d p id p id p 3 =  <n(n -  1 )(n  -  2)> , (4)
etc ., and are related to  the factorial cum ulants, C , by
P 1( p 1) =  C1( p1) (5)
P i ( p 1 , p i)  =  C1 ( p 1)C 1 ( p i ) +  Ci ( p 1 , p i )  (6)
p3 (p 1 , p i ,  p i) )  =  C1(p1)C 1(p i )C 1(p3)
+  X  C1(p1)C2(p 1 ’ p3)
3 perm s
+  C3(p 1 , p i ,  p i)  . (7)
1 Talk given at Fourth Workshop on Particle Correlations and Femtoscopy Kromeiiz, Czech Republic, 
August 15-17, 2005. A shortened version of this report will appear in the proceedings.
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The q-particle correlations are then m easured by p q — H qj= 1  C1 (p¡1). For q  >  2, the 
correlations are a sum o f  “triv ial” , i.e., arising trivially from  correlations o f  sm aller q, 
and “genuine” correlations. For exam ple, for q =  3 the trivial correlations are given by 
X 3 perm s Ci (p 1 )C2 (P2 , p 3) and the genuine correlations by C3.
It is convenient to  norm alize p  and C:
pq_
n  q=l p  l (  p i)R? =  (8)
K ,  =  Cqn , , ■ (9)
n  ;= i p  i (  pi)
In order to  study BEC, and not other correlations, one usually  studies the ratio o f  the 
above-defined Rq to  the Rq that one expects in the absence o f  BEC. This is equivalent to 
replacing the product o f  single-particle densities in (8 ) by the q-particle density expected 
w hen BEC is absent, p 0q, giving:
% , = £ i .  ( i o )
p  0g
This ratio is usually regarded as a function o f  Q, w here Q2 =  — (qm ) 2 w ith  M g the 
m ass o f  the q particles and m  the m ass o f  each particle. I f  the particles have identical 
4-m om enta. Q  =  0 . For 2  particles, Q2 is sim ply the 4-m om entum  difference. Thus, e.g., 
2-particle BEC are studied using
* (0 = $ S -  ( i i )
w here the subscript q  has been suppressed.
It can be shown in a variety o f  w ays that Rq is related to  the spatial distribution o f  the 
particle production [1, 2 ]. For example, assum ing incoherent particle production and a 
spatial source density o f  pion em itters, S(x), leads to
R2 (Q) =  1 +  |G (q ) | 2 . ( 1 2 )
w here G( Q )=  ƒ  dxe iQxS(x) is the Fourier transform  o f  S(x). A ssum ing S(x) is a Gaussian 
w ith radius r  results in
R2 (Q) =  1 +  e—Q2r2 . (13)
Custom arily, an additional param eter, l , is introduced in (13):
R2 (Q) =  1 + 1 e —Q2r2 . (14)
This param eter is m eant to  account for several effects:
• partial coherence. Com pletely coherent particle production w ould im ply 1  =  0.
• m ultiple sources.
• particle purity, e.g., experim ental difficulty in distinguishing pions from  kaons.
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The assum ption o f  a spherical (radius r) G aussian distribution o f  particle em itters 
seem s unlikely in e+ e -  annihilation, w here there is a definite je t  structure. However, 
w e m ust keep in m ind that the BEC only occur am ong particles produced close to  each 
other in phase space. In a tw o-jet event, a particle produced in the core o f  one je t  w ould 
not be “close” to  a particle produced in the core o f  the other jet. The volum e in w hich 
hadronization occurs m ay thus be larger than a sphere o f  radius r  and is not necessarily 
spherical.
Furtherm ore, no tim e dependence has been considered, i.e., the source has been 
assum ed to  be static, w hich is certainly wrong.
A  num ber o f  other param etrizations have been considered in the literature. N ever­
theless, in spite o f  the above-noted lim itations, this G aussian param etrization (14) is 
the one m ost frequently used by experim entalists. W hen this G aussian param etrization 
does not fit well, an expansion about the G aussian (Edgew orth expansion [3]) can be 
used instead. K eeping only the low est-order non-G aussian term , e x p ( - Q 2/2) becom es 
exp (—(J2/2) • [l +  ƒ /?(Qr) \ , w here H3 is the third-order H erm ite polynom ial.
In the interest o f  com parison o f  as m uch data as possible, I shall only consider results 
using the G aussian or Edgew orth param etrizations here.
EXPERIMENTAL DIFFICULTIES
There are a num ber o f  experim ental problem s w hich affect the results on BEC and their 
interpretation.
Particle purity influences the value o f  l  .In  studying BEC o f  pions, it is often assum ed 
that all particles are pions, w hich is not true. For example, in Z -boson decays approx­
im ately 15% o f  the particles are not pions. This low ers the observed value o f  l . The 
value o f  r  for BEC involving a particle from  a long-lived resonance and one produced 
directly, or involving particles from  different long-lived resonances, will be larger than 
for tw o particles produced directly. Consequently, the resulting enhancem ent at small Q 
in R2 (Q) will be narrower, possibly narrow er than the experim ental resolution, w hich 
in turn  reduces the observed value o f  l . On the other hand, the effect o f  short-lived 
resonances is to  increase the observed value o f  r , since it takes in to  account, in some 
average way, the distance the resonance travels before decaying. In Z -boson decays only 
about 16% o f  charged pions are produced directly, w hile 62%  com e from  short-lived 
( r  >  6.7M eV ) and 22%  from  long-lived resonances. Particles from  w eak decays are 
produced far away from  the others, so that there are no BEC betw een pions from  the 
w eak decay and the rest. This results in a sm aller value o f  l . A bout 20%  o f  Z-bosons 
decay to  bb. N ot only the values o f  l  and r  m ay be influenced by resonances, but also 
the shape o f  R2. One can attem pt to  correct for all o f  these effects, typically by using a 
M onte Carlo m odel. However, the correctness o f  the m odel is open to  question.
A  second problem  is the choice o f  the so-called reference sample, i.e., the sam ple for 
w hich p 0 is the density. Since it is im possible to  turn  o ff Bose statistics, this sam ple does 
not exist. It m ust be created artificially. Com m on choices are unlike-sign pairs, M onte 
Carlo m odels, and m ixed events. W hen studying BEC in like-sign pion pairs one can use 
unlike-sign pion pairs to  form  the reference sample. The m ain problem  is that the unlike-
3
Q (GeV)
FIGURE 1. (a) R2 (here called C) for Z-decay data and Monte Carlo; (b) the ratio of R2 of the data to 
that of the Monte Carlo.
sign pairs have resonances w hich the like-sign pairs do not. This is illustrated in Fig. 1a, 
w here R2 calculated using an unlike-sign pair reference sam ple is shown for Z-decay 
data and for M onte Carlo. Structure in R2 due to  resonances in the reference sam ple is 
clearly seen. One m ight th ink o f  correcting for this using M onte Carlo, but this will only 
w ork i f  the resonances are w ell-described in the M onte Carlo. This is clearly not the case 
here, as is seen in Fig. 1b. The solution adopted is to  exclude the affected regions from  
the fit o f  (14) to  the data. These regions, indicated in Fig. 1, cover large ranges in Q, and 
one m ust ask w hether larger, or additional, excluded regions are needed.
U sing M onte Carlo as the reference sam ple avoids the different resonances o f  like- 
and unlike-sign pairs, but is still not com pletely free o f  resonance problem s. Reflections 
o f  unlike-sign resonances and m ulti-body resonance decays, e.g., h ; (958) ^  p + p - h  ^  
p + p - p  + p - p 0, still affect p 0. B ut these effects are small com pared to  the use o f  unlike- 
sign pairs as the reference sample. A nother problem  w ith using a M onte Carlo reference 
sam ple is the description o f  fragm entation. In a M onte Carlo m odel, fragm entation is 
controled by som e param eters w hose values are chosen to  give a good description o f  the 
data. However, the data contain BEC. I f  the M onte Carlo does not include a description
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TABLE 1. Results of fits [5] with and 
without FSI (Coulomb and S  =  0 7T7T 
phase shifts) to op al Z-decay data.
FSI X r (fm)
with 1.04 ±  0.03 1.09 ±  0.04
without 0.71 ±0.04 1.34 ±  0.04
o f  BEC, the fragm entation param eters w ill be chosen so as to  describe (in so far as is 
possible) BEC as well as the fragm entation itself. The reference sam ple w ill then have 
som e enhancem ent in p  at small Q, and its use as reference sam ple w ill result in a sm aller 
value o f  l . The value o f  r  may also be affected. On the other hand, a BEC m odel can 
be included in the M onte Carlo and the fragm entation param eters determ ined. Then the 
BEC m odel can be turned o ff to  construct the reference sample. H ow  good this reference 
sam ple is depends on how  well the BEC w ere m odeled. To m odel them  well w ould 
require not only know ing how  to  correctly m odel BEC but also know ing the results o f 
the BEC analysis before doing it.
E vent m ixing involves taking pairs o f  particles from  different events. For each real 
event, a sim ilar event is constructed by replacing each particle by a particle from  
a different event. This procedure, o f  course, rem oves all correlations, not ju s t BEC. 
Therefore, care should be taken in choosing the particles in order to  have a reference 
sam ple sim ilar to  the real sam ple in characteristics such as je t  structure. In this way some 
kinem atic correlations can be preserved. O ther correlations can be reinstated using the 
results o f  applying the same m ixing procedure to  M onte Carlo, i.e., by using the double 
ratio R2/RM c instead o f  R2 itself. Thus this m ethod is also not entirely free o f  M onte 
Carlo uncertainties. For 2-jet events one can m ix hem ispheres instead o f  events. In this 
approach the reference sam ple is constructed by pairing a particle from  one hem isphere 
w ith a particle from  the other hem isphere w hich has been reflected through the origin.
A  th ird  problem  is final-state interactions, both C oulom b and strong. Identical charged 
particles w ill be repulsed by the Coulom b interaction, decreasing the observed value o f  l  
and increasing the observed value o f  r. The m ost com m on w ay to  take this into account 
is to  m ultiply Rq by a correction factor before fitting (14) to  the data. The correction 
factor m ost com m only used is the so-called G am ow  factor [4], w hich is the m odulus 
square o f  the non-relativistic Coulom b w ave function at the origin. For 2-particle BEC, 
given the resolution o f  the LEP experim ents, the correction is only a few  per cent in the 
low est Q  b in  (tw ice that i f  an unlike-sign reference sam ple is used), and is therefore 
frequently ignored. H ow ever for 3-particle BEC it is o f  the order o f  10%.
A  different approach is to  incorporate both the Coulom b and the S  =  0 n n  phase 
shifts into the wave function and derive a corrected form ula for R2. A n exam ple o f  this 
approach is shown in Fig. 2 [5]. Significant differences are found in the values o f  l  and r, 
w hich are listed in Table 1. However, such sophisticated approaches have not been used 
by any o f  the experim ental groups.
Finally, there is the effect o f  long-range correlations not adequately taken into account 
by the reference sample. As observed, e.g., in Fig. 2, R2 is not constant at large Q. 
To account for this in fitting the data, the right hand side o f  (14) is m ultiplied by an
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FIGURE 2. Fits with and without FSI (Coulomb and S  =  0 n n  phase shifts) to op al Z-decay data [5].
appropriate factor, usually a linear dependence on Q,
R2 (Q) =  g ( 1 + 1 e ~ Q l2)  ( 1  +  5 Q ) , (15)
although a quadratic dependence m ay also be used i f  necessary, and the norm alization, 
g, is usually  left as a free parameter.
EXPERIMENTAL RESULTS
N ow  let us turn  to  a com parison o f  results from  various e+ e-  experim ents.
2-particle BEC
D ependence on the reference sample. The values o f  1  and r  found using identical 
charged-pion pairs from  hadronic Z decays in the LEP experim ents, ALEPH [6, 7], 
DELPHI [8], L3 [9] and OPAL [10, 11, 12] are displayed in Fig. 3 .
A lthough these points are all supposed to  be m easurem ents o f  the same quantitities 
and are all determ ined by fitting the G aussian param etrization to  R2, there is little 
agreem ent am ong the points. Clearly there m ust be large system atic uncertainties not
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FIGURE 3. A and r  at >f s =  M/ found in the l e p  experiments [6, 7, 8, 9, 10, 11, 12], Open arrow­
heads at the end of error bars indicate that the uncertainties are statistical only, filled arrow-heads that the 
uncertainties are combined statistical and systematic.
accounted for. Indeed, m ost o f  the points have only statistical error bars. However, some 
have error bars including also system atic uncertainties. B ut these are clearly insufficient.
Solid points are corrected for pion purity, w hile open points are not. It is apparent that 
this correction increases the value o f  l  but has little effect on the value o f  r.
All o f  the results w ith r  >  0.1 fm  w ere obtained using an unlike-sign reference sample, 
w hile all o f  those w ith sm aller r  w ere obtained w ith a m ixed reference sample. It is clear 
that the choice o f  reference sam ple has a large effect on the values o f  the param eters. 
In com paring the results o f  different experim ents, w e m ust therefore be sure that the 
reference sam ples used are com parable.
D ependence on the center-of-mass energy. The values o f  r  found using identical 
charged-pion pairs in e e annihilation is shown versus the center o f  m ass energy, y/s, 
in Fig. 4 . K eeping in m ind that w e should com pare only results using the same reference 
sample, w e conclude that there is no evidence for a a /s  dependence.
D ependence on the partic le  mass. It has been suggested, on several grounds [17], 
that r  should depend on the m ass o f  the particle as r  °<= 1 /  y/m. R esults from  l e p  
experim ents on r  from  2-particle BEC for charged pions and for kaons, as well as the 
corresponding Ferm i-D irac correlations for protons and lam bdas, are shown in Fig. 5 . 
Again, restricting our com parison to  results w hich have used the same type o f  reference 
sam ple (in this case m ixed), w e see no evidence for a 1 / /^ñ  ^ dependence. Rather, the 
data suggest one value o f  r  for m esons and a sm aller value for baryons. The value for
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FIGURE 4. a/s dependence of r  [13, 14, 15, 16, 6, 7, 8, 9, 10, 11, 12], For clarity some points are shifted 
slightly in a / s .  Open arrow-heads at the end of error bars indicate that the uncertainties are statistical only, 
filled arrow-heads that the uncertainties are combined statistical and systematic.
baryons, about 0.1 fm, seem s very small; i f  true it is telling us som ething unexpected 
about the m echanism  o f  baryon production.
D ependence on the partic le  multiplicity. The values o f  l  and r  from  charged-pion 
2-particle BEC depend on the charged particle m ultiplicity, nch, o f  the events. As seen 
in Fig. 6, l  decreases w ith nch w hile r  increases. However, a sim ilar dependence is also 
seen on the num ber o f  jets. W hen 2-jet events are selected, little, i f  any, dependence on 
nch rem ains. For 3-jet events, r  seem s independent o f  nch, although l  does decrease w ith 
nch. Thus, the dependence o f  l  and r  on nch seem s to  be largely due to  a dependence on 
the num ber o f  jets.
Elongation o f  the source. The Gaussian param etrization (14) assum es a spherical 
source. Given the je t  structure o f  e+ e -  events, one m ight expect a m ore ellipsoidal 
shape. To investigate this, the param etrization is generalized to  allow  different radii 
for the direction along and perpendicular to  the je t  axis. The analysis is perfom ed in 
the longitudinal center o f  m ass system  (LCM S), w hich is defined as follows: The pion 
pair is boosted along the jet-ax is (taken, e.g., as the thrust axis), to  a fram e w here the 
sum o f  the longitudinal m om enta o f  the tw o pions is zero. The transverse axes, called 
“out” and “ side” are defined such that the out direction is along the vector sum o f  the 
tw o m om enta, p 1 +  p 2, and the side direction com pletes the Cartesian coordinate frame. 
This is illustrated in Fig. 7 .
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FIGURE 5. Dependence of r  on the mass of the particle as determined at y fs= M /  from 2-particle BEC 
for charged pions [6, 7, 8, 9, 10, 11, 12], charged kaons [18, 19] and neutral kaons [20, 18, 21] and from 
Fermi-Dirac correlations for protons [20] and lambdas [22, 23]. Open arrow-heads at the end of error bars 
indicate that the uncertainties are statistical only, filled arrow-heads that the uncertainties are combined 
statistical and systematic. The curves illustrate a 1/ s/JFi dependence.
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FIGURE 6. Dependence of l  and r  from charged-pion 2-particle BEC on the charged particle multi­
plicity, nch, and on the number of jets [11].
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FIGURE 7. The définition of the longitudinal center of mass system (LCMS).
In the LCM S,
Q  =  QL +  Q ide +  OLt — E ) 2
=  0 £  +  Ggide +  0gu, ( l - J 3 2), w here fi =  ^  + P ™ '2 . (16)
The advantage o f  the LCM S is im m ediately apparent: The energy difference, and there­
fore the difference in em ission tim e o f  the pions, couples only to  the out com ponent, 
Qout. Thus QL and Qside reflect only spatial dim ensions o f  the source, w hile Qout re­
flects a m ixture o f  spatial and tem poral dim ensions. The G aussian param etrization (15) 
becom es
R2 ( Ql ,  Qside j Qout) =  g  ( 1 +  1  G) ( 1 +  d Q l +  e  Qout +  X Qside) • ( 17)
A ssum ing an azim uthally sym m etric G aussian shape, there is only one non-zero off­
diagonal term , and G  is given by
G =  exp ( - r LoL r 2ut Gout r2ide Q2ide +  2PL,outrLr outQLQou^ • ( 18)
Such an analysis has been perform ed by L3 [24] and OPAL [12]. In fact, p L,out turns 
out consistent w ith zero, and is then fixed to  zero in the fits. Tw o-dim ensional LCM S 
analyses have been perform ed by a l e p h  [7] and DELPHI [25], in w hich the out and side 
com ponents are replaced by a transverse one, Q 2 =  +  Q2ide. However, the inter­
pretation o f  the corresponding param eter, rt, as a transverse radius is not unam biguous, 
since it includes the effect o f  the difference in tim e o f  em ission. B oth L3 and a l e p h  fit 
not only (17), but a sim ilar expression w here G is replaced by a low est-order Edgew orth 
expansion, w hich gives a better fit (e.g., in L3, a confidence level o f  30%  com pared w ith 
3%  for the G aussian fit). The ratio o f  transverse to  longitudinal radii found in the four 
experim ents are shown in Table 2 . The longitudal radius is clearly about 20%  larger than 
the transverse radius.
In Fig. 8 w e see that the am ount o f  this elongation increases w hen narrow er 2-jet 
events are selected.
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TABLE 2. Ratio of transverse or side radius to longitudinal radius from charged-pion 
2-particle BEC analyses of retail organisation
Experiment Data Reference
sample
Gauss / 
Edgeworth
2-D
h / i t
S-D
rside/rL
D E LPH I 2-jet mixed Gauss 0.62±0.02±0.05 —
A LEPH 2-jet
2-jet
2-jet
2-jet
mixed
+ -
mixed
+ -
Gauss
Gauss
Edgeworth
Edgeworth
0.61±0.01±0.??
0.91±0.02±0.??
0.68±0.01±0.??
0.84±0.02±0.??
—
OPAL 2-jet + - Gauss — 0.82±0.02±¡j;¡j|
lS all
all
mixed
mixed
Gauss
Edgeworth
— 0.80±0.02±q'j|
0.81±0.02±qj9
FIGURE 8. The ratio of rL to rs;de for 2-jet events as function of the jet resolution parameter, ycut.
It should also be m entioned that ZEUS [26] perform ed a sim ilar 2-dim ensional anal­
ysis in deep inelastic ep interactions. The ratio r t/ r L found, sim ilar to  that found by 
DELPHI and a l e p h , is independent o f  the virtuality o f  the exchanged photon.
p 0p 0. In hadronization m odels w ith local charge conservation, e.g., string m odels, 
neutral pions can be produced closer together than identical charged pions. One could 
expect this to  be reflected in a sm aller BEC radius for p 0p 0 than for p ± p ± . Only tw o 
e+ e-  experim ents have attem pted a BEC analysis o f  p 0p 0, L3 [27] and o p a l  [28]. The 
experim ental selections used in the tw o analyses are quite different, dictated as they are 
by the characteristics o f  the different detectors. W hile L3 requires the energy o f  the pions 
to  be less than 6 GeV, o p a l  dem ands the p 0 m om enta to  be greater than 1 GeV. Further, 
OPAL uses only 2-jet events, defined as having thrust larger than 0.9.
The R2 distributions and fits are shown in Figs. 9 and 10, respectively. In order to 
m ake a com parison w ith charged pions, L3 also analyzes p ± p ±  w ith  a selection sim ilar 
to  its p 0 selection. The resulting R2 is also shown in Fig. 9 . The results o f  fits to  these 
distributions, as well as tw o other p ± p ± results are listed in Table 3.
Com parison o f  the L3 values o f  r  for p 0p 0 and p  ± p  ± w ith the same selection indicates
l l
Q [GeV] Q [GeV]
FIGURE 9. R2 distribution for p 0p0 and for p±p± [27].
Q (GeV)
FIGURE 10. R2 distribution for p 0p0 [28].
that the radius is sm aller in the p ° p °  case, but the significance is only about 1.5 standard 
deviations. l  is also sm aller in the p 0p 0 case, w ith sim ilar significance.
For o p a l ,  the com parison is m ore difficult to  make, since o p a l ’s charged-pi results 
use a different reference sam ple and different selection. O ther experim ents have found 
that the ratio  o f  r  using a m ixed reference sam ple to  that using unlike-sign is about
0.68 ( a l e p h  [7]) or 0.56 (DELPHI [8]). A pplying such a factor w ould low er the o p a l  
value to  about 0.62, w hich agrees well w ith the o p a l  result for p 0p 0. However, it is not 
clear w hat the effect o f  the 2-jet and p  0-m om entum  cuts is. In the L3 case, requiring the 
pions to  have E  <  6 GeV and using a M onte Carlo reference sam ple rather than a m ixed 
one decreased r  by about 30%. It is therefore conceivable that the o p a l  requirem ent o f 
p  >  1 GeV w ould increase r, in w hich case r  for p 0p 0 w ould be sm aller than for p ± p ±.
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TABLE 3. Results of fits to R2 for p °p° [27, 28] and p  ±p ± [27, 9, 12]. The indicated 
uncertainties combine statistcal and systematic uncertainties.
Experiment Selection
Reference
sample r (fm) X
l3
opal
Ep < 6GeV 
pK > 1 GeV, 2-jet
MC
mix
0.31 ±  0.10 
0.59 ±0.09
0.16 ±  0.09 
0.55 ±  0.14
p ±p  ± l3  
l3
opal
Ek < 6GeV MC
mix
+ -
0.46±0.01
0.65 ±  0.04
1 00+003 100-0.10
0.29±0.03  
0.45 ±  0.07 
0.57 ±  0.05
3-particle BEC
There have also been analyses o f  BEC am ong three charged pions. As m entioned 
in  the Introduction, w ith three (or m ore) particles the correlations m ay be classified as 
trivial, sim ply a consequence o f  low er-order correlations, and genuine. We study these 
correlations using R3 (Q3) =  p ( Q 3 ) / p 0 (Q3). N ote that Q  =  Qf2 +  Q23 +  Q |1. The same 
assum ptions that lead to  (14) for R2, lead to  [29, 30]
r 2 ( Qij) =  1 +  1 \G(qij ) | (19)
R3 Q 12,Q23, Q3i) =  1 + 1  ( |G (Q i2 ) |2 +  |G(Q 23)|2 +  |G (Q 3 i) |2
from 2-particle BEC 
+  2 1 L591 {G(Q12)G(Q23)G(Q31)} , (20)
'----------------------- V----------------------- '
from genuine 3-particle BEC
w here G (Q )=  ƒ  d x e lQxS(x) =  | G| is the Fourier transform  o f  the source density, and 
^  denotes the real part. N ote that R3, unlike R2, depends on the phase o f  G(Q). We 
define R3gen 1 as the R3 that w ould occur i f  there w ere no 2-particle BEC:
R f n(Q 12, Q23, Q31) =  1 +  2 1 L5 31 { G (Q 12) G (Q 23) G (Q 31) } . (21)
Defining
W =  c o s ( f  12 +  f 23 +  f  13) , (22)
the above equations yield
R3en(Q3) - 1  ,  ,co =  — ; 3 v ; =  , (23)
2 \ / {RiiQn) ~ 1) (^ 2(023) ~ 1)(-^2 ( ^ 13) — 1)
w hich sim plifies in the case o f  a G aussian to
R f n(Q3) -  1
(O =  3, =  . (24 )
V - ^ i G O  - 1
I f  the particle production is com pletely incoherent, the phase f ij  is expected to  be zero, 
and consequently w e should find a  =  1. As w e have seen, incoherence also im plies 
1  =  1, but 1  is affected by m any other factors, w hich should not affect a>.
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TABLE 4. Results of fits to R2 and Rf™ using Gaussian 
and Edgeworth parametrizations [9].
fit to Gaussian Edgeworth
Ri 0.45 ±  0.06 ±  0.03 
0.47 ±0.07 ±0.03
0.72 ±  0.08 ±  0.03 
0.75 ±  0.10 ±  0.03
Ri r 0.65 ±  0.03 ±0.03 0.74 ±0.06 ±0.02
(fin) 0 .65±0.06±0.03 0.72 ±0.08 ±0.03
Q [GeV]
FIGURE 11. R2(Q) measured by l3 [9]. The full circles represent the data, while the open circles 
correspond to results from a Monte Carlo model without BEC. The dashed and full lines show the fits of 
a Gaussian and an Edgeworth expansion, respectively.
The L3 m easurem ents [9] o f  R2 and Rfen in hadronic Z decays are shown in Figs. 11 
and 12. The distributions are fit w ith  both a G aussian and an Edgew orth param etrization. 
The Edgew orth param etrization provides a better fit o f  the data. It is reassuring to  note 
that the values o f  l  and r  obtained from  the fits to  R2 and Rfen, w hich are listed in 
Table 4, agree perfectly.
The dashed lines in Fig. 12 are the predictions o f  Rfen using (21) w ith the results o f 
the fits to  R2 assum ing a> =  1. These dashed lines are quite close to  the solid lines, w hich 
represent fits to  R |en (Q 3), confirm ing that a> =  1 is a reasonable hypothesis.
A nother way to  exam ine this hypothesis is to  com pute a  using (23) for each bin in 
Q3 using the m easured Rfen(Q f) and R2 from  its fits. The results are shown in Fig. 13. 
We conclude that a  is perfectly consistent w ith unity, and consequently that particle 
production is com pletely incoherent.
BEC am ong three pions have previously been observed at low er energies [15, 14]. 
A t l e p ,  DELPHI [31] and o p a l  [32] have also observed genuine 3-pion BEC. W ith the 
exception o f  DELPHI, w hich did not do a com parable 2-pi analysis, they all report that 
the values o f  l  and r  obtained for 2- and 3-pions are consistent. Unfortunately, none o f 
these experim ents perform ed an analysis using a>.
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Q3 [GeV]
FIGURE 12. Rfen (Qj) measured by l3  [9]. The full circles represent the data, while the open circles 
correspond to results from a Monte Carlo model without BEC. The full line in (a) is a fit of a Gaussian 
parametrization, while in (b) it is a fit of an Edgeworth parametrization. The dashed lines show the 
expectation from (21) with the results of the fits to R2 assuming a  =  1.
BEC in hadronic W decays
W  —► qq. H aving found no evidence for a center-of-m ass energy dependence o f 
BEC, and noting that in any case the m asses o f  the Z and W  are not m uch different, 
there is only one reason to  expect BEC to be different in W  decays than in Z decays, 
nam ely the different flavor com position. W hereas about 20%  o f  Z decays are to  bb, 
alm ost no W  decays involve a b-quark. The long lifetim e o f  the b results in dim inished
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FIGURE 13. The ratio a  (23) as function of Q  computed using the measured Rfen(Q3) and R2 from 
its fits.
BEC. Thus, w e should expect BEC in W -decay to  be like that in the decay o f  the Z to 
light (udsc) quarks. This is indeed found to  be the case [33, 34], as is shown in Fig. 14, 
where R2 (Q ) for hadronic decays o f  the W -boson produced in e e  ^  W W —► qq/ v 
is com pared to  that o f  Z -boson decays to  all flavors and to  udsc flavors only.
Inter-string BEC. A  m ore interesting case is e e W W —► qqqq. The W - 
bosons are produced not far above threshold and consequently travel only about 0.7 fm 
before decaying. This is sm aller than the distance over w hich hadronization occurs. 
Therefore one expects a significant degree o f  overlap o f  the tw o hadronizing system s, 
resulting  in BEC not only betw een particles produced by the same W , but also betw een 
particles produced by different W -bosons. On the other hand, in the string picture no 
BEC is expected betw een particles arising from  different strings.
W hether or not th is so-called inter-string BEC exists is thus a fundam ental question 
for the string picture. It is also im portant for the m easurem ent o f  properties o f  the W - 
boson, in particular its m ass [35]. Im proper sim ulation o f  inter-string BEC in M onte 
Carlo program s w ould  lead to  a bias in the m ass m easurem ent.
All four LEP experim ents have studied this question [33, 36, 37, 38, 34, 39]. The basic 
m ethod [40] is to  test the expectation o f  no inter-string BEC. I f  the tw o W -bosons decay 
com pletely independently, the tw o-particle density in the 4-quark channel is given by
P4q( p i , P 2 ) =  P + (P i , P2 ) 1 ,2  from  W +
+  P _ ( P1, P2)
+  P + (P i )P - ( P2) 
+  P + (P2)P - ( P1)
1, 2 from  W -  
1 from  W +, 2 from  W -  
1 from  W - , 2 from  W +.
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FIGURE 14. J?2(Q) measured by l3  [34] for hadronic W-boson decays from e+e — W W —*■ qqiV 
and hadronic Z-boson decays to all flavors and to udsc flavors only.
A ssum ing p  + =  p  =  p 2q, w hich w ould only be strictly true i f  there is com plete overlap,
P4q(P1, P2) =  2P2q(P1, P2) +  2p2q(P1)p2q(P2) • (25)
The density p 4q( p i , f h )  is m easured in e + e ~ ^  W + W  —► qqqq and Pi q i Ph Pi )  
in e + e ~ ^  W + W  —► qq£v. The rem aining term , p 2q( p \ ) P i q i Pi ) , is estim ated by 
Pmix(p\  •> P i ) obtained by m ixing /  vqq and qq/ v events after rem oval o f  the / 
and I - . Thus, (25) becom es
p 4q(Q) — 2p2q(Q) +  2pmix(Q) •
Various quantities are defined to  test the validity o f  (26):
AP (Q) =  P 4q (Q) -  [2p2q(P1, P 2 )+  2 Pmix (P1, P2)] 
P4q(Q)
D(Q)  =  
d  i(Q ) =
2P2q ( Q) +  2p  m
A p{ Q)
2 p mix ( Q)
( Q )
(26)
(27)
(28)
(29)
The quantity dI (Q)  is actually the correlation function o f  genuine inter-W  BEC [41] and 
is thus not only a test o f  no inter-W  BEC, but the quantity o f  interest i f  inter-W  BEC 
indeed exists.
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FIGURE 15. 5i(Q) measured by Delphi [38] for (a) like- and (b) unlike-sign pion pairs. Also shown 
are the expectations of Monte Carlo models including BEC among all pions or including BEC only among 
pions from the same W.
All four LEP experim ents have now  reported final results [36, 38, 34, 39]. Fig. 15 
shows results o f  DELPHI [38], the only experim ent w hich claim s to  have seen signif­
icant inter-W  BEC. The d I distribution o f  like-sign pions (Fig. 15a) clearly shows an 
enhancem ent at small Q, w hile no enhancem ent is seen in the M onte Carlo distribution 
w here BEC, as m odeled by the B E 32 m odel [42], is included only betw een pions from  
the same W . W hen pions from  different W -bosons are m odeled w ith  the same BEC as 
pions from  the sam e W , a larger enhancem ent is seen than that o f  the data.
However, the interpretation o f  the enhancem ent in the data as inter-W  BEC is som e­
w hat clouded by the observance o f  an enhancem ent, albeit smaller, in the dI distribution 
o f  unlike-sign pions (Fig. 15b). In this distribution the enhancem ent in the data is larger 
than that for M onte Carlo w ith  inter-W  BEC.
The final results for the four LEP experim ents are com pared in Fig. 16. H ere the 
results are expressed as the ratio  o f  the effect seen to  that expected in the B E 32 m odel 
w ith the same inter-W  BEC as intra-W  BEC. The m easurem ents indicated by arrows 
are com bined to  give the prelim inary LEP result [43] o f  0.17 ±  0.13. The data are thus 
com patible w ith no inter-W  BEC.
BEC in the Lund string model
In the Lund string m odel, the longitudinal break-up o f  the color string is governed 
by the area law. The m atrix  elem ent to  get a final state depends on the area A: M  =
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-■ LEP summer 2005
-  ALEPH D' -0.05±0.22
¿  ALEPH Ap ' -0.18±0.35
B ALEPH R* 
m
-0.23±0.41
DELPHI 8, 0.51±0.24
L3 D' 0.08±0.21
L3 Ap 0.02±0.26
OPAL D 0.33±0.45
OPAL D' 0.34±0.51
OPAL Ap -0.01±0.46
OPAL d -0.13±0.56
c
 d o —h = 3.5/3
LEP 0.17±0.13i i i i 1 i i i i 
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1 . . i i | i 
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FIGURE 16. The amount of inter-W BEC observed expressed as a fraction of the prediction of the BE32 
model. The measurements indicated by arrows are combined to give the preliminary lep result [43].
exp [(ik — b / 2 )A], w here k  is the string tension and b is a decay constant w ith values 
k  1 GeV/fm and b  ~  0.3 GeV/fm. Consider the string break-up illustrated by the solid 
line in Fig. 17, w hich spans the area A. Suppose that the particles 1 and 2 are identical. 
The final state produced by interchanging them  w ould be produced by the string break­
up w ith area A +  AA. Transverse m om entum  arises v ia a tunneling m echanism , w hich is 
also related to  b. To incorporate BEC in the string m odel, the probability o f  a final state 
should be taken as the square o f  the sum o f  the m atrix elem ents corresponding to  the 
areas o f  all the perm utations o f  identical bosons [44, 45, 46]. This m odel results in BEC, 
including genuine 3-particle BEC. It predicts that the longitudinal radius is greater than 
the transverse radius and that the radius for neutral pions is sm aller than that for charged 
pions. In such a m odel there is no m echanism  for creating correlations betw een particles 
from  different strings.
The m odel has been incorporated in M onte Carlo for a qq string. W hile the form alism  
to  do so for the m ore realistic case o f  a string w ith m ultiple gluons has been w orked out 
[47], a successful M onte Carlo im plem entation has, unfortunately, so far proved elusive.
CONCLUSIONS
We have seen that the study o f  BEC in e+ e-  presents a num ber o f  problem s, both ex­
perim ental and theoretical. Consequently, values obtained for param eters vary consid­
erably am ong experim ents, even w hen the same param etrization is used. Nevertheless, 
certain features are clear: BEC, both 2-particle and genuine 3-particle, exist; they seem
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FIGURE 17. The break-up of a Lund string into hadrons, showing two break-up patterns giving the 
same final state with two identical particles interchanged..
independent o f  center-of-m ass energy; the source shape is som ew hat elongated in the je t  
direction; and the (Ferm i-D irac) radius for baryons is sm aller than the radius for m esons. 
Experim entally, it is not clear w hether the radius for neutral pions is sm aller than that 
for charged pions. BEC in W  decay is the sam e as in light-quark Z decay. The data are 
com patible w ith no inter-W  BEC.
The im plem entation o f  BEC in the Lund string m odel appears consistent w ith these 
experim ental findings. However, the experim ental evidence that pion production is com ­
pletely incoherent seem s at odds w ith the coherent addition o f  am plitudes in the model.
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